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Abstract

The interaction of two populations of integrate-and-fire-or-burst neurons representing thalamocortical cells from the dorsal lateral

geniculate nucleus (dLGN) and thalamic reticular cells from the perigeniculate nucleus (PGN) is studied here using a population density

approach. A two-dimensional probability density function that evolves according to a time-dependent advection-reaction equation gives

the distribution of cells in each population over the membrane potential ðvÞ and de-inactivation level ðhÞ of the low-threshold Ca2þ

current IT. The response of the dLGN/PGN network is studied for optic tract stimulation protocols of different amplitude, duty cycle,

and frequency.
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1. Introduction

Probability density approaches to network modeling are
of interest as computationally efficient methods for large-
scale network calculations. However, most prior work
exploring the promise of probability density methods have
focused on integrate-and-fire models that do not include
the low-threshold currents that give rise to post-inhibitory
rebound bursting.

Here a probability density approach is used to model
two reciprocally connected populations of neurons repre-
senting thalamocortical (TC) cells from the dorsal lateral
geniculate nucleus (dLGN) and thalamic reticular (RE)
neurons from the perigeniculate nucleus (PGN). These two
populations of neurons are described by the integrate-and-
fire-or-burst (IFB) formalism [5]; neurons in each popula-
tion are capable of bursting through de-inactivation and/or
activation of the low-threshold Ca2þ current, IT. The RE
and TC cell populations are described by two-dimensional
probability density functions for the distribution of cells
over all possible states. The two probability density
e front matter r 2006 Elsevier B.V. All rights reserved.
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functions evolve according to coupled time-dependent
advection-reaction equations.
While the dLGN/PGN probability density network is

capable of sustaining experimentally observed rhythmic
bursting, our primary interest is the network’s response to
periodic stimuli from retinal ganglion cell axon activity
during optic tract stimulation. The calculations presented
here are an extension of prior dLGN/PGN modeling of our
group [3] and the probability density methods presented
in [1,2,4].
2. Formulation of model

The population density approach describes the dynamics
of a large number of point neurons using a probability
density function, rðv; h; tÞ, over the two state variables of
IFB neurons: v, the membrane potential and h, the de-
inactivation level of the low-threshold Ca2þ current, IT.
Each two-dimensional probability density function evolves
according to the advection-reaction equation

qrk

qt
¼ �r �

~Jk þ dðv� vresetÞ
~Jk � êvjv¼vy , (1)

where k labels the population (e.g., k ¼ TC or RE),
~Jkðv; h; tÞ is the total probability flux for population k,
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Fig. 1. Schematic diagram showing interacting RE and TC populations

(large ellipses) in the probability density dLGN/PGN IFB network. Small

arrows pointing outward from the populations represent the probability

flux at the spiking threshold vy (Eq. (1)). Large arrows represent the

coupling of the populations scaled by the average number of synaptic

connections. Retinal drive to the TC population is also shown.
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and êv;h are the unit vectors in the direction of the v- and h-
axis, respectively. The total probability flux vanishes at the

boundaries (~Jk � n̂ ¼ 0, where n̂ is a unit vector normal to
the boundary) except at v ¼ vy (the spiking threshold)

where ~Jk � êvjv¼vyX0 is the probability flux of neurons firing

action potentials at each possible value of h. In Eq. (1) this
flux is reinserted at v ¼ vreset consistent with the instanta-
neous voltage resetting of the IFB model. The population

firing rate rk is obtained by integrating the spiking flux over
all values of h.

The total probability flux ~Jk is composed of two terms,
~Jk ¼

~Jk
int þ

~Jk
pop where ~Jk

int ¼ ðF vêv þ FhêhÞr and

~Jk
pop ¼ nk

e êv

Z v

Ee

~FG�e

v� v0

Ee � v0

� �
rkðv0; h; tÞdv0

� nk
i êv

Z vy

v

~FG�i

v� v0

Ei � v0

� �
rkðv0; h; tÞdv0. ð2Þ

In these expressions, Fv and Fh are defined by the
differential equations dv=dt ¼ F v and dh=dt ¼ Fh of the

IFB model (see Ref. [5] for details) and ~Jk
pop accounts for

synaptic changes caused by excitatory (e) and inhibitory (i)
currents (with reversal potentials Ee and Ei) triggered by
presynaptic spikes arriving at rates ne;i. Following Ref. [4]

these rates are given by

np
e;iðtÞ ¼ np;0

e;i ðtÞ þ
X

q

wqp

Z 1
0

aðt0Þrqðt� t0Þdt0, (3)

where aðtÞ is a temporal kernel that accounts for the finite
conduction velocity of action potentials and the quantities
wqp represent the average number of projections to

population p originating from each presynaptic cell in

population q. The quantity np;0
e;i ðtÞ represents external drive

(e.g., from RGC axons). Changes in membrane potential
due to the arrival of action potentials are described by the

random variable G�e;i whose statistics are included in ~Jk
pop

through the complementary cumulative distribution func-

tions ~FG�e;i ðxÞ (see Ref. [4]). Fig. 1 shows a schematic

representation of the interaction between the RE and TC
cell populations in the probability density dLGN/PGN
IFB network.

3. Results

3.1. Convergence of IFB network Monte Carlo simulations

and the population density approach

Figs. 2 and 3 show that as the size of each population
increases from 100 to 1000 cells the probability density
approach agrees with Monte Carlo results obtained using
an equivalent network of IFB neurons.

Fig. 2 compares the population firing rate of both
models and demonstrates convergence as N increases.
Fig. 3 compares the probability distributions rTCðv; h; tÞ
and rREðv; h; tÞ (filled contour lines) with the v and h values
of the 500 cell Monte Carlo simulation (scattered points),
corresponding to a snapshot of Fig. 2C at 300ms.
Projections of these distributions along the v- and h-axes
also indicate a good agreement (compare black solid line

and histograms).

3.2. Simulation of dLGN/PGN response during optic tract

stimulation using the population density approach

Fig. 4 shows the response of the dLGN/PGN network to
simulated optic tract stimulation modeled as square pulses
of retinal drive (nTC;0e in Eq. (3)). The duration of the active
phase was fixed at 1ms while the period T and amplitude
f max were varied. Each panels shows the stimulus (bottom)
and TC (middle) and RE (top) population firing rates for
the stimulus parameters indicated by the outer axes. The
majority of the panels show the steady-state periodic
response during two stimulus cycles. Panels I and M show
a larger number of stimulus periods and a subharmonic
response. The network response to optic tract stimulation
is generally periodic and phase-locked to the temporal
frequency of the stimulus (see panels A–H, J and N–P in
Fig. 4). At high stimulus frequencies ðT ¼ 5; 10msÞ the
firing rate of the TC population reaches its peak during the
stimulus active phase. For lower stimulus frequencies ðT ¼
50msÞ the maximum TC response occurs during a rebound

burst caused by the feedback inhibition of RE cells during
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Fig. 2. Convergence of 100–1000 cell Monte Carlo IFB network simulations (filled histograms) and the population density approach (black solid line).

Each panel shows the firing rate of the RE and TC populations (top and middle, respectively) and the retinal firing rate (bottom).

Fig. 3. Comparison between the population density approach and the 500 cell IFB network model. Panels A and B correspond to the RE and TC

populations, respectively. Contour lines indicate the densities rTCðv; h; tÞ and rREðv; h; tÞ of the population density approach and the scattered points are a

snapshot of the state of each cell in a Monte Carlo simulation of the corresponding IFB network.
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Fig. 4. Parameter study of the responses of the dLGN/PGN network model to simulated optic tract stimulation obtained using the population density

approach. Each panel shows the stimulus (bottom) and the steady-state TC (middle) and RE (top) population firing rates for the stimulus parameters

indicated by the outer axes. Bars indicate the scale (in spikes/sec) used in a given row with the exception of the panels boxed with dotted lines.
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the previous cycle. As the stimulus period is further
increased ðT ¼ 100msÞ additional bursting is observed:
period doubling in panels K and L and complex super-
harmonic responses in panels I and M.

4. Conclusion

We have successfully used a population density ap-
proach [1,4] in a minimal model of the dLGN/PGN
network during simulated optic tract stimulation protocols.
Importantly the probability density approach was shown
to agree well with an equivalent (i.e., same cellular and
network parameters) network of coupled IFB point neuron
populations as the number of cells in both TC and RE
populations increases (Fig. 2). The agreement between the
distribution of cells over the state variables v and h (Fig. 3)
also confirms the quality of our extension of the population
density approach to represent the dynamics of two
populations of IFB neurons.

We found that the probability density dLGN/PGN
network model responses to optic tract stimulation are
generally periodic and phase locked to the temporal
frequency of the stimulus. Depending on stimulus am-
plitude and period, one-to-one, one-to-two superharmo-
nic and many-to-many subharmonic responses were
observed.

While here we focus on stimulus driven responses, the
dLGN/PGN probability density network is capable of
rhythmic bursting in the absence of retinal drive (as in the
sleeping thalamic slice preparation) and with 30Hz
spontaneous retinal input (as during sleep; not shown).
We have found that convergence between the probability
density calculations and Monte Carlo simulations of the
corresponding IFB network often converge more rapidly
(for smaller N) when the size of synaptic jumps is large (G�e;i
in Eq. (2)). The computation efficiency of the probability
density dLGN/PGN calculations presented here is striking.
For example, the 2� 1000 cell simulation of Fig. 2D
required two days on a dual 3GHz processor workstation
while the corresponding probability density network
calculation required 1 h on the same platform.
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